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Introduction

Motivation: Curved Light
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Introduction

Einstein's General relativity: Curved Spacetime
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Introduction

Non-linear Issues: U-shape

U-shape relationship 7t2 5t non-linear issue!™.
@ Linear model JCHZ AL

@ Non-linear model®©

@ Threshold : 2 parameter

@ Square, cube: 2~3 parameter
o GAM: 1~10 parameter?

@ Neural Network: 107 1007
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Simple is best.

@ Linear ModelQ| 2. MAHSIY| £ICt.
o HLG 1 parameter
@ Non-linear model2 3|0{2l R4S A

o 20| =%
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Introduction

Main Topic

Multi-Dimensional Linear Model(
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Formula

Formula
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Formula

Generalization: 2 variables, 2 dimensions

Y = (Bor + B1X1)81 + (Boz + B2 X2) &
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Formula

1.00-
Y
0.75-
050~
0.25-
Box +B1Xy
0.00- >
00 05 10 15 20

Figure 2: cost = g1
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Formula

Interpretation: Linear!!

Y = (Bor + S1X1)81 + (Boz + B2X2)&

dY = B1dXi 81 + £2dXa8,
= B1d X1 + Bad Xy

X109 gsko 2 5,0t 2150t
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Formula

Generalization of Linear Model

°o If g1 =2
o gio=1

Y = (Bo1 + B1X1) + (Boz2 + B2X2)
= Bo + B1 X1 + B2 X2

@ Same to linear model
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Formula

Scala version

Y2 = (Bor + £1X1)% + (Boa + $2X2)? + 2g12(Bo1 + B1.X1)(Boz + 52X%2)

0 g1 =g 0<gn<1)

Y2 = (Bo1 + B1X1 + g12(Bo2 + £2X2)) + (1 — g5)(Boz + B2X2)?

° X; = —5°1+g12(§f2+52x2)01|k| 2|AZHS Zt= U-shape
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Formula

Generalization: p variables, 2 dimensions

Y = (Bor + BiXe + - + BIX)EL + (Boz + BreaXie1 - + BpXo)&o

Y2 = (Bor + B1X1 + -+ BiX)? + (Boz + Brs1Xie1 - -+ + BpXp)?
+2g12(Bo1 + B Xy + -+ 4 B1X1)(Boz2 + BrerXig1 -+ + BpXp)
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Formula

Generalization: p variables, p dimensions

Y = (Bo1 + B1X1)81 + (Bo2 + B2X2)82 + -+ - (Bop + BpXp) &)
p

= (Boi + BiX)&;
=1

p
(Boi + BiXi)&: - Y (Boi + BiXi)&;
i=1

P
vi=>
=1
P

:Z(/Bo, + BiX , +2Zgu(501+/ﬁl )(BOJ+BJ )

i=1 i<j
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Estimation

Jinseob Kim? * Linear Model in Multidimensional Space



Least Square method

N

SSE(B) = Z( Yi — Z(ﬁkaf + Bio)? +2 Z gi(BiXii + Bio) (8 X + Bjo))?

k=1 i=1 i<j

o Ifall gy =1
o 7|2 HE23
o AL E LS}
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Optimization

@ No analytical solution.
@ Various optimization methods’™.

@ optim & constrOptim function in R
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P value calculation

o hessian matrix(H) : SSES S 0|23t ZHO.

(d0)
2

SSE(0 + df) = SSE(A) + H -

(d0)?> =2 H™'. (SSE(6 + db) — SSE(0))

10,11

@ Generalization

veov(B) =2- H™Y - MSE(p)
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Curved Space: Fixed vs from Data

@ Fixed space | &

1 00 1 11
gi=|0 10|, |1 11
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Q DataOi|M 2] =4
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g1 1 g3
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Estimation of gj;

° fE1t gj5= €0l 4.
o GEE(Generalized Estimating Equation)2}

e Working correlation matrixS 2 &

o g 00l 1ALO|2| A|5H=A

30 >

H
A o12
_I_ [=]

e constrained optimization technique!3.
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Simulation

Simulation
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Compare Model

o X1, Xo: (1,1), (1,2),--, (1,10), (2,1), - - -, (10,10)

© Linear Model

@ MDLM (1): fixed g12 =0

© MDLM (2): estimation gip from data
© Polynomial(Quadratic) Model

Q@ GAMM
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Scenario 1: Y = X1 + X,

e Sampling Y ~ N(X1 + X2,1)

Linear MDLM (1) MDLM (2)  Quadratic GAM
RMSE 1+0 13+£0 1+0 1+0 1+01
DF 4 5 6 6 53+ 14

AIC 286.3 =88 3432+ 41 2885+96 2884+9 2841+111

Jinseob Kim~, Joohon Sungl‘* Linear Model in Multidimensional Space Dec 20, 2017 27 / 43



Scenario 2: Y2 =

Xt + Xz

e Sampling Y ~ N(1/X?Z + X2,1)

Linear MDLM (1) MDLM (2) Quadratic GAM
RMSE 11+0 1+0 1+0 1.1+0 1.1+£0.1
DF 4 5 6 6 6.5 +0.9
AIC 3144+ 4 2854+44 2874+44 3108£92 308x9
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Scenario 3: Y = (Bo1 + f1X1)&1 + (Boz + 2X2)&»

e Sampling Y ~
N(\/(ﬁOl + 1X1)? + (Bo2 + £2X2)? + 2g12(Bor + B1.X1)(Boz2 + B2X2), 1

Linear MDLM (1) MDLM (2) Quadratic GAM
RMSE 1.2 +0.1 1.1+0.1 1+0 1.1+0.1 1.1+01
DF 4 5 6 6 59+ 0.4

AlIC 319.7 £ 17.7 311.3 £12 2981 +£35 3144 £ 155 3149+ 156

Jinseob Kim~, Joohon Sungl‘* Linear Model in Multidimensional Space Dec 20, 2017 29 /43



Apply to Real Data

Apply to Real Data
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ER data

http://biostat.mc.vanderbilt.edu/dupontwd /wddtext/data/3.25.2.

SUPPORT .csv

o STA LY YAl B U (mean arterial pressure, MAP)Z}

A 7| ZH(length of stay,LOS)

@ log(LOS)Z intercept2} MAP2| 2Z}40f| M H 3.

log(LOS) = Boo&i + (Bo1 + B1 - MAP)&

map intcpt los

loglos

20 1 4
27 1 4
30 1 3
30 1 4

1.386294
1.386294
1.098612
1.386294
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http://biostat.mc.vanderbilt.edu/dupontwd/wddtext/data/3.25.2.SUPPORT.csv
http://biostat.mc.vanderbilt.edu/dupontwd/wddtext/data/3.25.2.SUPPORT.csv

Apply to Real Data

log(Length of stay)

e Linear: log(LOS) = 2.2624 + 0.0027 - MAP (AIC 2434)
o MDLM: log(LOS)? = 2.36692 + (—2.4276 + 0.0295 - MAP)2 (AIC
2413)

o Quadratic: log(LOS) = 3.3742 — 0.0246 - MAP + 2 x 10~% - MAP?
(AIC 2414)
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Discussion
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Discussion

o 3|02l CHxtH Z7HOIM ZHEASEA| U-shapeS ol A]
@ Linear A £X]

o X StLIY parameter 17|
0 J|E HHUDHE 25| Eas Urst

o pf ALt Its
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St
= O

o Non fixed gj: U-shape ZAIE O FUSHH 2. 3|0{2 SZHol| Chst
5 Ad

o Fixed gj: BUTZ D (ex SUE 22121)510] ZTHOI 54
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Discussion

GEE®} H|m(1)

o GEE- independent

1 000
0100
0 010
0 001
o Fixed g;j=0
1100
1100
0 011
0 011
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GEES} H|1(2)

e GEE: Compound Symmetry/Exchangeable

1 r r r
r 1 r r
r r 1 r
r r r 1
o Fixed gj =g
1 1 g g
11 g g
g g 1 1
g g 1 1
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Discussion

GEESQ} H|:(3)

@ GEE: unstructured

r1
rai
ra1

@ Non fixed gj;
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ol

oA (1): Y >0 2T QU

=3
|

p

Y2 =" (Boi + BiX)&: - Y _ (Boi + BiXi)&;

1 i=1

©

i

(Boi + BiXi)* + 2> gij(Boi + BiXi)(Boj + Bi X))

I
™M~
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o Health 70| Y <0
o Y/ Y len =) |_
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Discussion

Suggestion: Dirac’s Idea®

iy
0.

@ Paul Dirac: &
Equation.

o YZAM| Al(8)71 H =AY BRI, AZO|0= F.

10 0 0 0 0 01
01 0 0 0 0 10
Po=aox|g o 3 o [r=ax] g 5 g 0
00 0 -1 1 0 00

Y = /B3 + B¢ + 53¢ = fo + B + Baxe
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Discussion

ot A|(2): Local minima issues

o BE FA35I=H| optimization techniqueE AFE S
| 0

o SSE(B)Q| 2% Z|AZf(Global minimum) O] OFd 4= RUS.

Common wisdom: training does not work
Loss because we “get stuck in local minima”

parameter

o Z|Z HFOAM 22 B2+ FAF local minima probleme Oi%
5|5t Ao 2 LEIGS.
o 2E XIRI0|A local minimal 7HsAS OfR U7| Tj216
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Discussion

Conclusion
O| 2CHE 3a+A0| OfL 2t 3|07l 43t 2

||17
—

o Einstein: &7t
o =
4e 0j2i3

o 2 27 183 PuiE
U-shapes M3

Y = Bo+ fiXi + BaXo — ¥ = (Bor + S1X1)&1 + (Boz + BaXo)&o

_E

S 210{2 Chak HeS 7oA

7|2 MEBHO| £
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Discussion
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